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Parameterizations 

1. Correct energy transformations in spatial and temporal discretisation for the dynamical core! 
 
 
 
 
2. Dissipation of energy within the parameterization has to be a waste of available energy for 
the considered process! 
 
NB: E.g. condensation leads to an equilibration of partial pressures between the water surface and the surroundings 
(process (i)). But due to the release of latent heat, temperature differences are created which make energy available for 
reversible wave processes or irreversible sensible heat fluxes (process (ii)), which equilibrates temperatures.  

kinetic energy change - internal energy change 



Prognostic equations with correct energetics 

The second law of thermodynamics for matter is not directly obvious to the model equations.  
It lives in the background just like vorticity or divergence equations live in the background of the momentum equations. 

This is not a viscous, but a turbulent ε. 

The second law of thermodynamics gives information about the direction of the fluxes. 
Only the amount of the fluxes is a matter of parameterization. 
 
Is the 2nd law valid for turbulence averaged discretized equations as for Navier-Stokes equations? 
Yes, because we know only two types of processes, (i) reversible and (ii) irreversible ones.  
Reversible = dynamical core (continuous back and forth transformation between different kinds of energy) 
Irreversible = subscale fluxes (energy enters subscale without the option to escape it again as available energy) 
Nature knows reversible processes at smaller scales, but we have no means to describe this reversibility. 

i: dry air, water vapour, liquid, ice, rain, snow... 

Since we have the continuity eq. we do not need a dry air eq. explicitly. 



Check conventional parameterizations of material fluxes for  
positive energy dissipation, or, positive internal entropy production 

 Turbulent friction: Smagorinsky-form of momentum diffusion required (see next slide) 

 Phase changes: Condensation at supersaturation, evaporation at subsaturation 

 Precipitation: What was formerly called a ‚frictional dissipation‘ is found to be a ‚mixing 
dissipation‘ due to irreversible pressure gradient work when droplets leave the air parcel. 

Checks passed: 

Checks not passed: 

‽ Turbulent moisture and dry air fluxes 

• conventional: 

• entropy-consistent: 

‽ Turbulent sensible heat flux 

• conventional: 

• entropy-consistent: 

The ≥ holds for every single 
independent process. 



shear deformation strain deformation 
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𝐾ℎ 𝜕𝑥𝑢 − 𝜕𝑦𝑣 + 𝐾𝑣 𝜕𝑥𝑢 − 𝜕𝑧𝑤 𝐾ℎ 𝜕𝑦𝑢 + 𝜕𝑥𝑣 𝐾𝑣 𝜕𝑧𝑢 + 𝜕𝑥𝑤
𝐾ℎ 𝜕𝑦𝑢 + 𝜕𝑥𝑣 𝐾ℎ 𝜕𝑦𝑣 − 𝜕𝑥𝑢 + 𝐾𝑣 𝜕𝑦𝑣 − 𝜕𝑧𝑤 𝐾𝑣 𝜕𝑧𝑣 + 𝜕𝑦𝑤
𝐾𝑣 𝜕𝑧𝑢 + 𝜕𝑥𝑤 𝐾𝑣 𝜕𝑧𝑣 + 𝜕𝑦𝑤 𝐾𝑣 𝜕𝑧𝑤 − 𝜕𝑥𝑢 + 𝐾𝑣 𝜕𝑧𝑤 − 𝜕𝑦𝑣

 

Correct 3D turbulent momentum diffusion tensor 

On non-hydrostatic scales the full 3-dimensional tensor is needed. 
This means: 
• diffusion terms in w-equation 
• strain deformation in vertical planes 
• as long as isotropic turbulence is not reached, different vertical and horizontal coeffs 



What are the errors induced by entropy-inconsistent approaches? 

Radiosonde data of a station in the tropics 

1. Turbulent water vapour flux  

ρKv
K = 1 



What are the errors induced by entropy-inconsistent approaches? 
2. Turbulent sensible heat flux in PBL: Dry convective bounary layer 

First guess 
• Diffusion of T would lead to isothermal (=strong stable) stratification. This is not intended. 
• Turbulence mixes a conservative variable. 
• Therefore we should diffuse θ (or dry static energy, or an equivalent moist quantity→Marquet&Geleyn). 

 
Second thought 
• But if our first guess is against the 2nd law? The gradients of θ and T are often opposite... 

• Revision of terminology 

• reversible: dsinternal=0 = 

• adiabatic: dsexternal=0 = 

• isentropic: dsinternal+dsexternal=0 

• Conservation of θ means an isentropic process where dsinternal+dsexternal only vanish in their sum, but not 

necessarily separately.  

• Conservation of θ means that as much entropy is produced as being exported (Fließgleichgewicht). 

 

Conclusion: Diffusion of T is possible, and does not violate any law nor any intuition. 

Meteorologists seem not to distinguish properly 
between adiabatic and isentropic processes.  
 
We do not deal with closed systems, where 
adiabatism=reversibility=isentropy! 
We have exchange with neighboring boxes via fluxes. 



What are the errors induced by entropy-inconsistent approaches? 
2. Turbulent heat flux in PBL: Dry convective boundary layer, 2-d vertical slice, Pr=10 for JT 

Δx = 1km 

Δx = 30km 



What are the errors induced by entropy-inconsistent approaches? 
2. Turbulent heat flux in PBL: Dissipation rates Δx = 1km 

negative  
values 

Compensation 
effects ! 

Negative thermal 
dissipation creates 

available energy form the 
unavailable reservoir. This 
is transformed into kinetic 
energy. This kinetic energy 

is dissipated by friction. 
 

The sum of frictional and 
thermal dissipation is the 
same for both heat flux 

versions. 

l∞=30..240m l∞=30..240m 

Violation 
of the  
2nd law! 



What are the errors induced by entropy-inconsistent approaches? 
3. Turbulent heat flux in MLT: Breaking gravity waves in the mesosphere/lower thermosphere 
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potential 
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horizontal  
wind 
 
lines: 
potential 
temperature 



What are the errors induced by entropy-inconsistent approaches? 
3. Turbulent heat flux in MLT: Breaking gravity waves in the mesosphere/lower thermosphere 

colors:  
thermal 
dissipation 
using heat flux 
with ‚grad T‘ 
* Prandtl=1 
 
small picture: 
* Prandtl=5 
 
lines: 
potential 
temperature 
 
colors: 
frictional 
dissipation 
 
 
Both 
dissipation 
rates are 
positive. 



What are the errors induced by entropy-inconsistent approaches? 
3. Turbulent heat flux in MLT: Breaking gravity waves in the mesosphere/lower thermosphere 

colors:  
vertical 
heat flux 
divergence 
with 
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lines: 
potential 
temperature 
 
 
 
colors: 
vertical 
heat flux 
divergence 
with  
𝜵𝒛(𝒄𝒑𝝆𝝆𝝆𝜵𝒛𝜽) 



What are the errors induced by entropy-inconsistent approaches? 
3. Turbulent heat flux in MLT: Breaking gravity waves in the mesosphere/lower thermosphere 

colors: 
run with 
𝜵𝒛(𝒄𝒑𝝆𝝆𝜵𝒛𝑻),  
thermal 
dissipation 
*Prandtl=1 
 
small picture: 
*Prandtl=5 
 
lines: 
potential 
temperature 
 
colors: 
run with 
𝜵𝒛(𝒄𝒑𝝆𝝆𝝆𝜵𝒛𝜽), 
thermal 
dissipation 
may become 
negative, 
violation of the 
second law 



What are the errors induced by entropy-inconsistent approaches? 
3. Turbulent heat flux in MLT: Breaking gravity waves in the mesosphere/lower thermosphere 

relatively  
high  

temperature 

relatively  
low  

temperature 

Run with 
𝜵𝒛(𝒄𝒑𝝆𝝆𝜵𝒛𝑻) 

 
 
 
 
 
Run with 
𝜵𝒛(𝒄𝒑𝝆𝝆𝝆𝜵𝒛𝜽) 

 
small picture: 
*Pr=100 

relatively high  
temperature 



What are the errors induced by entropy-inconsistent approaches? 
3. Turbulent heat flux in MLT: Breaking gravity waves in the mesosphere/lower thermosphere 

𝛻𝑧 𝑐𝑝𝜌𝐾𝛻𝑧𝑇 = 𝛻𝑧 𝑐𝑝𝜌𝐾𝜋𝛻𝑧𝜃 − 𝑔𝜌𝛻𝑧𝐾 + (
𝑔2

𝑐𝑠2
− 𝑁2)𝜌𝐾 

„+“ or „-“ only „+“ 

might be interpreted as 
−𝜌𝜋𝑐𝑝𝑤�𝛻𝑧𝜃 with 𝑤� ≤ 0 

Downward motion leads to warming. 
This warming is missing in the version with θ,  

hence a ‚spurious upward‘ motion leads to cooling. 
 

Such cooling is a well-known phenomenon if an additional countergradient term is not considered   

Origin of differences between heat fluxes 

The additional ‚countergradient‘ term of a θ-version is an empirical 
correction in order to avoid negative dissipation! 
It drives the apparent θ gradient parallel to the temperature gradient. 



The impression is that this talk was only about physics, but: 
 
• For the first time we have a clear definition about the distinction between physics 

and dynamics: 
• reversibility = dynamics 
• irreversibility = physics 

 
• The physics needs discrete mathematical product rules on the computational grid 

in the same way as in dynamical cores: 
 
 
 
 

• Inherent numerical diffusion in the advection scheme for θv does not lead to 
dissipation, hence does not violate reversibility in the dynamics. 
 
 
 

• It seems likely that parameterization schemes like EDMF for θ might be 
reformulated such as to be expressible in terms of a diffusion of T. This would 
allow to use numerically stable implicit schemes for the diffusion of T. 

THE END 

Although these rules are not explicitly 
implemented, they live behind the scene. 
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